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Abstract 

A result of Herstein says in particular that, if there exists 1>n  such that 

( )RZxxn ∈−  for all x in a ring R, then R is commutative. We give an 

elementary proof of this fact for certain values of n, based on the theory of 
centrifiers which we develop. For ,7,5=n  we also give an elementary proof of 

the commutativity of rings R such that ( )RZxxn ∈+  for all .Rx ∈  

1. Introduction 

Given { },1\N∈n  we call a ring R a ( )nZP  ring if ( )RZxxn ∈−  for 

all ;Rx ∈  here ( )RZ  is the center of R. Trivially, commutative rings are 

( )nZP  for all n. As a consequence of more general results, Herstein 
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showed conversely that ( )nZP  rings are necessarily commutative for all 

;1>n  see [4]. 

Herstein’s proofs use Jacobson’s structure theory of rings. Because a 
proof exists, it follows from Birkhoff ’s completeness theorem [1] that an 
elementary, purely equational, proof must also exist. This follows because 
both ( )nZP  rings for any fixed n and commutative rings are varieties, 

i.e., definable by identities. Such elementary proofs cannot employ 
structure theory because division rings do not form a variety. See [1] or 
[11] for more details. 

Birkhoff’s theorem however tells us nothing about how to construct 
such an elementary proof, or whether such a proof of reasonable length 
exists for any given n. Elementary proofs of the commutativity of ( )nZP  

rings are rather well known when :3,2=n  See, for instance, [7, Theorem 2] 

for 2=k  and [8, Theorem 2] for .3=k  We know of no such proofs in the 
literature beyond this, with the exception that 12,6=n  are handled in 

[9] for rings with unity. However, we do not assume the existence of a 
unity in our definition of a ring, and we are interested in proofs that 
require no such additional assumptions on the ring. 

This situation contrasts with that of rings satisfying the stronger 

condition xxn =  for all .Rx ∈  In this case, elementary commutativity 
proofs were given by Morita [10] for all odd 25≤n  and all even .50≤n  
Also, MacHale [9] gave an elementary proof of commutativity for all even 
numbers n that are not powers of 2, but that can be written as sums or 
differences of two powers of 2. 

Of course rings satisfying xxn =  for all x are rather special, so it is 
not surprising that elementary proofs of commutativity are known for 
more values of n than in the case of ( )nZP  rings. However, the size of the 

gap is a little surprising. 
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In this paper, we narrow the gap significantly. In particularly, we 
give an elementary proof of commutativity for some small odd n and for 
many even numbers that are sums or differences of two powers of 2, and 
these results imply in particular the following result: 

Theorem 1.1. ( )nZP  rings are commutative for all odd 10<n  and 

infinitely many even n, including the following values of :30≤n  

.30,28,24,20,18,14,12,10,6,2  

Note the absence of powers of 2 (other than 2) from the above list: 
Among even numbers, powers of 2 seem especially hard to handle by 
elementary methods. The other even numbers below 30 for which, we do 
not yet have elementary proofs are 22 and 26, the only even numbers 
below 30 that are not sums or differences of two powers of 2. 

To help with our investigation, we introduce the concept of the 
centrifier of an element x in a ring R: this consists of all Rz ∈  that 
commute with x, such that triple products of ,, zx  and any other element 

y are independent of order, e.g., ,xzyyxzxyz ==  etc. Centrifiers are a 

key tool in our analysis, but may also be of independent interest. 

To understand the relevance of centrifiers, consider a ring satisfying 

the identity .nxx =  This trivially implies that 12 += nxx  for all ,N∈k  

and allows one to deduce that 1−nx  is central (as are all other 
idempotents). In the case of a ( )nZP  ring R, it does not trivially follow 

that ( ),12 RZxx n ∈− +  but if we can prove this, then the theory of 

centrifiers allows us to deduce that 1−nx  is central as a consequence of 
the fact that certain near-to-idempotent elements are central; see 
Theorem 3.4 and Corollary 3.7. 

For any ,1>n  we define the ( )nAZP  condition to be ( ),RZxxn ∈+  

.Rx ∈  For any given even number n, the ( )nZP  and ( )nAZP  conditions 
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are easily seen to be equivalent (Lemma 2.2), so ( )nAZP  is of separate 

interest only when n is odd.  

It follows from the main result in [5] that ( )nAZP  rings are 

commutative, but this proof also uses the structure theory of rings so 
again elementary proofs are desirable, and the following result indicates 
the cases in which we can do this. 

Theorem 1.2. ( )nAZP  rings are commutative when { }.7,5,3∈n  

Although we are mainly interested in ( )nZP  rings in this paper, 

there are two reasons we give elementary proofs of commutativity of 
( )nAZP  rings for small n. First, there are some commonalities between 

the proofs of commutativity of ( )nZP  and ( )nAZP  rings. More crucially, 

the proofs of commutativity of ( )nZP  rings for 9,7,5=n  all use the 

commutativity of ( )mAZP  rings for some number .nm <  

After some preliminaries in Section 2, we introduce and develop the 
theory of centrifiers in Section 3. We then prove various commutativity 
results for ( )nZP  and ( )nAZP  rings in Section 4 and Section 5, which 

imply Theorems 1.1 and 1.2. 

2. Preliminaries 

Elementary proofs of the next result are rather well known; see       
[7, Theorem 2] for 2=k  and [8, Theorem 2] for .3=k  We will use this 
result repeatedly without explicit reference. 

Theorem 2.1. ( )kZP  and ( )kAZP  rings are commutative for ,2=k  .3  

We now state a well-known lemma, which we also use repeatedly 
without explicit reference; the simple proof can be found for instance in 
[9, Lemma 1]. 

Lemma 2.2. If R is a ( )nZP  or an ( )nAZP  ring for some even number 

n, then ( ).2 RZR ⊂  
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The above lemma implies that the ( )nZP  and ( )nAZP  conditions are 

equivalent when n is even, so we will examine ( )nAZP  conditions only for 

odd n. 

We will frequently need information about the parity of binomial 
coefficients. A result of Kummer [6, pp. 115-116] (see also [3]) says that 

the exponent of the highest power of p dividing ( )n
m  is the number of 

borrows involved in subtracting m from n in base p. We record here a 
consequence of this for .2=p  

Lemma 2.3. ( )n
m  is odd, if and only if the binary expansion of m has 

a zero in every position where the binary expansion of n has a zero. 

In the above lemma, it is understood that we pad the binary expansion 
of m with zeros to make it equal in length with the binary expansion of n. 

We assume implicitly that nm ≤≤0  when discussing ( ).n
m  

3. Centrifiers 

Elementary proofs that conditions of the form xxn =  for all Rx ∈  
imply that R is commutative typically make use of the fact that 
idempotents are central in such rings. Analogously, in a ( )nZP  ring, we 

can construct certain elements that are somehow “close-to-idempotent”, 
and we wish to conclude in certain situations that such elements are 

central. For instance in a ( )nZP  ring, 1: −= nxe  is close-to-idempotent in 

the sense that ,22 zxee n−+=  where ( ).RZz ∈  Knowing that the error 

term has this form does not make it easy to deduce that e is central. 
However, the notion of centrifiers allows us to prove that some close-to-
idempotent elements are central; see Theorem 3.4 below. 

Definition 3.1. We say that z centrifies an element ,Rx ∈  if 

[ ] [ ] [ ] [ ] [ ] .,0,,,,, Ryyxzxyzyxzzyxzx ∈=====  

The centrifier of ( ),, xx C  is the set of all RZ ∈  that centrify x. 
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There is a certain symmetry in the definition of ( ):xC  If opR  is the 

ring with the same underlying set and addition operation as R, but with 
multiplication reversed (i.e., multiplication D  is given by yxyx =D ), 

then ( )xC  with respect to opR  coincides with ( )xC  with respect to R. This 

symmetry can be used to shorten proofs that ( ):xz C∈  If a set of 

assumptions that also satisfies this symmetry implies that [ ] =zyx,  

[ ] ,0, =xyz  then we conclude for free that [ ] [ ] .0,, == yxzyxz  Without 

this symmetry in the assumptions, we can instead remove the equation 
[ ] 0, =xyz  from the definition, since it follows from the other equations. 

Theorem 3.2. Suppose x is an element of a ring ( )xzR C∈,  and 

( ) [ ].XXXp Z∈  Then 

(a) ( )xC  is a subring of R. 

(b) For all ,Ry ∈  the product xyz  is invariant under all re-orderings 

of its factors. In particular, ( ).RZxz ∈  

(c) ( )xx C∈  (i.e., centrification is a symmetric relation). 

(d) ( )( ).xpz C∈  

(e) ( ) ( ) ( ).xxzpzxp C∈=  

Proof. Part (a) follows immediately from the definition, while (b) 
follows by using the commutator relations repeatedly: ( ) ( ) == zyxzxy  

( ) ( ) ,xzyyzxyxz ==  and ( ) .yzxxzy =  Part (c) follows immediately from 

part (b). 

We now prove (d). Suppose ( ).xz C∈  Since each of the commutators 

in the definition of ( )xC  is Z -linear as a function of x, proving the desired 

result reduces to proving that ( )( )xpz C∈  for ( ) ., N∈= kxxp k  We show 

this inductively. 
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The case 1=k  is given by assumption, so suppose ( )kxz C∈  for all 

.N∈≤ jk  Then ,11 ++ === jjjj zxzxxxzxzx  so [ ] .0,1 =+ zx j  Also for 

every ,Ry ∈  

( ) ( ) ( ) ,11 zyxzyxxzxyxxxyzyzxxyzx jjjjjj ++ =====  

so [ ] .0,1 =+ zyx j  By symmetry, we get [ ] .0,1 =+ yxz j  Next, 

( ) ( ) ,11 yzxyzxxyzxxyxzxyzx jjjjj ++ ====  

so [ ] ,0, 1 =+ yxz j  and by symmetry, we get [ ] .0, 1 =+jyxz  This 

completes the inductive step and the proof of (d). 

Lastly, we prove (e). Since each of the commutators in the definition 
of ( )xC  is Z -linear as a function of z, we may assume that ( )xp  has the 

form ( ) ., N∈= kxxp k  Since [ ] ,0, =zx  it is easily to show that kk zxzx =  

and that [ ] .0, =zxx k  Next, [ ] [ ]( ) 0,, == kk xzyxzxyx  and [ ] ,0, =yxzxk  

so we need only show that [ ] [ ] ,0,, == yxzxxyzx kk  .0, ≥∈ kk Z  The 

case 0=k  of these equations is true by assumption, so we assume 
inductively that these results hold for ,0 jk ≤≤  where .0≥j  Then 

( ) ( ) ( ) ( ) ( ) ,111 zxyxzxxyxxyzxzxxxyxyzxxxyzx jjjjjj +++ =====  

so [ ] .0,1 =+ xyzx j  The fact that [ ] 0,1 =+ yxzx j  follows similarly.   

The next lemma gives a basic method for identifying elements of 
centrifiers. In view of Theorem 3.2(b), this method gives all central 
elements of centrifiers. 

Lemma 3.3. If both z and xz lie in ( ),RZ  then ( ).xz C∈  In 

particular, if ( )RZmR ⊂  for some integer m, then ( )xmR C⊂  for all 

.Rx ∈  
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Proof. First [ ] [ ] [ ] 0,,, === yxzxyzzx  because ( ).RZz ∈  Next 

( ) ( ) yxzyxzyzx ==  so [ ] ,0, =zyx  and hence [ ] 0, =yxz  because z is 

central. 

Suppose next that ( ).RZmR ⊂  If ,, Rzx ∈  then ( )RZmz ∈  and 

( ) ( ) ( ),RZxzmmzx ∈=  so the second statement follows from the first 

one.   

We now come to our promised result, which says that in certain 
situations, near-to-idempotent elements e are central. 

Theorem 3.4. Suppose R is either a ( )nZP  or an ( )nAZP  ring for some 

.1>n  Suppose Rzxe ∈,,  are such that ( ) ( ),,2 RZxzzee ∩C∈+=  

and ( )xpe =  for some ( ) [ ].XXXp Z∈  Then ( ).RZe ∈  

Proof. Let .: yeeyed −=  Then ,zyeed =  and ( )ez C∈  by Theorem 

3.2(d). We prove inductively that ( ) ( ) .1, >= kedde kk  First, 

( ) ( ) ( ) ( ) .22 ededzyeyedezezyedde ====  

Suppose therefore that for some ( ) ( )kk eddej =≥ ,2  for .2 jk ≤≤  

( ) ( ) ( ) ( ) ( ) ( ) .1111 +−−+ ==== jjjjj edededzyeedyedezeddede  

This completes the inductive step and so ( ) ( )kk edde =  for all .1>k  

Taking ,nk =  and using either the ( )nZP  or the ( )nAZP  condition, we 

conclude that ( ).RZdeed ∈−  But 

( ) ( ),2 RZeyeyeyzeyeyeyzyeeyzeyezyedeed ∈−=+−=−−+−=−  

so by symmetry, we also have ( ).2 RZeyeye ∈−  It follows that 22 yeye −   

( )RZ∈  and, since zee +=2  and ,zyyz =  we conclude that ∈− yeey  

( ).RZ  
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Now ( ) ( ) ( ) ( ),eyyeeyyeeyey −=−  so .222 zyyeyyyeeey +==  Bearing 

in mind that ( ),ez C∈  we see that 

( ) ( ) ( ) ( ) .2222222 eyzyeeyeeeyezyeeyye =−==−=  (3.5) 

Now ( ) eyzeyee ++=+  and ( ) ,yezeeye ++=+  so, 

( )( ) ( ) ,22 22222 eyeyezeyezeyzeyee ++++++=+  

and 

( )( ) ( ) .22 22222 eyeyezyeezyezeeye ++++++=+  

But these two expressions are equal by (3.5), and zeyzye =  since ( ),ez C∈  

so we conclude that .22 yeye =  Since zee +=2  and z is central, we 

finally get ,yeey =  as required.   

Remark 3.6. It is clear from the proof that the assumption that R is 
either a ( )nZP  ring or an ( )nAZP  ring can be replaced in Theorem 3.4 by 

the weaker assumption that for each ,Rx ∈  there exists ( ) 1>xn  such 

that ( ) ( ) ( ),RZxhx xn ∈−  where h is an endomorphism of ( )+,R  with the 

property that ( )RZx ∈  whenever ( ) ( ).RZxh ∈  Examples of such an 

endomorphism include ( ) ( ) ,, xxhxxh −≡≡  and the involution ∗  in a   

∗ -ring. 

Our first application of Theorem 3.4 is as follows: 

Corollary 3.7. Suppose R is a ( )nZP  ring for some ,1>n  and that 

( )RZyy n ∈− +12  for some .Ry ∈  Then ( )yyy n C∈−  and ( ).1 RZyn ∈−  

If ( )RZmR ⊂  for some ,N∈m  then ( ) ( ),1
1 RZyikkn

i ∈∑ −
=

 whenever k is 

a factor of ,1−n  and ( ) kn 1−  is coprime to m. 
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Proof. Letting ( ),: RZyyz n ∈−=  we see that ( )yz C∈  (Lemma 3.3), 

and so ( )yzyn C∈− −2  (Theorem 3.2(e)). But 1: −= nye  satisfies 

,22 zyee n−−=  so ( )RZe ∈  by Theorem 3.4. 

Suppose instead that ( ),RZmR ⊂  that k is a factor of ,1−n  and that 

( ) knt 1: −=  is coprime with m. Thus, there exists an integer j such that 

jt  is equivalent to 1 mod m. Letting ,: 1
ikt

i yjs ∑ =
=  we see that 

,1zjyssy kk −−=  and so ( )zypmwss ++=2  for some Rw ∈  and some 

polynomial ( )yp  in y. But ( ) ( )yzypmw C∈+  by Lemma 3.3 and 

Theorem 3.2(e), so ( )RZs ∈  by Theorem 3.4. Finally, ( )RZts ∈  and by 

subtracting an element of ,mR  we conclude that ( ),1 RZyikt
i ∈∑ =

 as 

required.   

The following consequence of Corollary 3.7 will be used frequently. 

Corollary 3.8. Suppose R is a ( )nZP  ring for some ,1>n  and that 

( )RZmR ⊂  for some odd integer m. Then ( )xxx n C∈−  for all .Rx ∈  

Also ( ),1 RZxn ∈−  and more generally ( ) ( ),1
1 RZxikkn

i ∈∑ −
=

 whenever k 

is a factor of ,1−n  and ( ) kn 1−  is coprime to m. 

Proof. Letting ( ),: RZxxz n ∈−=  we see that ( ( ) ) =−− 222 zxx n  

( ).2 RZxz ∈  Since also ( ),RZmxz ∈  we conclude that ( ).RZxz ∈  The 

result now follows from Corollary 3.7.   

4. Commutativity of ( )nZP  and ( )nAZP   

Rings for Small Odd n 

In this section, we prove commutativity of ( )nZP  rings for ,7,5=n  

,9  and of ( )nAZP  rings for .7,5=n  Key parts of the ( )nZP  proofs can 

be reduced to ( )mAZP  for some :nm <  in fact, ( )5ZP  and ( )9ZP  both 
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reduce to ( ),3AZP  and ( )7ZP  reduces to ( ).5AZP  The commutativity of 

( )7ZP  rings in turn will be used in the proof of results for even n in the 

next section: Specifically, it is used in the proof of Theorem 5.2, which in 
turn is needed in the proof of Theorem 5.4. 

In view of the difficulties of proving commutativity for powers of 2 (as 
referred to in the next section), it is noteworthy that the proof of 
commutativity of ( )9ZP  rings is relatively straightforward. 

We first introduce some common notation and conventions that   
apply throughout this section and the next. We generally denote by 

( )RZRf →:  the polynomial that the ( )nZP  or ( )nAZP  condition tells 

us is central in a ring R, so ( ) nxxxf ±=  in all cases. When we define a 

function g via a formula for ( ),xg  it is implicitly assumed that the 

domain of g is the ring R under consideration, and normally its range 

is contained in ( ).RZ �  For a given function ,: RRg →  we write 

( ) ( ) ( ) ( ).:, ygxgyxgyxDg −−+=  We typically use x as a generic element 

of R, so if we write ( ) ( ),RZxg ∈  we mean that this holds for all ,Rx ∈  

whether or not this is explicitly stated. 

We begin with a lemma that is useful for .9,5=n  

Lemma 4.1. If R is a ( )nZP  or an ( )nAZP  ring, where 12 += mn  

for some ,N∈m  and if ( ),2 RZR ⊂  then R is commutative. 

Proof. The ( )nZP  and ( )nAZP  conditions coincide for rings R satisfying 

( ),2 RZR ⊂  so we assume that R is a ( )nZP  ring. Let ( ) ,: nxxxf −=  so 

( ) ( ).RZRf ⊂  By Lemma 2.3, we see that ( )n
i  is odd only for 

{ },,1,1,0 nni −∈  so 

( ) ( ),,
221 RZzxxxxD nnn

f ∈++=+  

where ( ).2 SZSzz x ⊂∈=  Thus, 
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( ) ( ) ( ) ( ),
2222 RZxxxfxfxfxx nnn ∈++++=+  

and so R is commutative.   

Forsythe and McCoy [2] gave an elementary proof that a ring R of 

prime characteristic p satisfying xx p =  is commutative. Their now well-
known method of proof is readily adapted to prove the following more 
general lemma; we include the proof for completeness. 

Lemma 4.2. If R is a ( )pZP  or an ( )pAZP  ring for some prime p, 

and if ( ),RZpR ⊂  then R is commutative. 

Proof. Let Ryx ∈,  be arbitrary, and let ( )Xf  be either XX p −  or 

,XX p +  depending on whether R is a ( )pZP  or an ( )pAZP  ring. 

Expanding ( ) ( ) ( )iyfxfiyxf −−+  for { },1,,1 −∈ pi …  we see that 

( ),
1

1
RZzsi ij

j
p

j
∈=∑

−

=

 

where js  is the sum of all possible products of p factors, of which j are y 

and jp −  are x; for instance, if ,3=p  then ,22
1 yxxyxyxs ++=  while 

.22
2 xyyxyxys ++=  This set of equations can be written in the form 

,zVs =  where ( ) jiijvV ,=  is a (slightly nonstandard) Vandermonde 

matrix given by ,j
ij iv =  and zs,  are the column vectors, whose 

transposes are defined by ( ),i
t ss =  and ( ).i

t zz =  

Denoting by δ  the determinant of V, and ir  the cofactor of the 

element ,1,,1,1 −= pivi …  we let ,rVW =  where r is the row vector 

( ).,, 11 −prr …  Then ( ).RZrzWs ∈=  But by basic linear algebra, we see 

that .1sWs δ=  By the theory of Vandermonde matrices, δ  is a product of 

factors of the form a or ,ba −  for ,1,1 −≤≤ pba  and .ba ≠  In 
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particular, δ  is a unit in ,pZ  and so ( ).1 RZs ∈  Thus ,11 xsxs =  and so 

.pp yxyx =  Thus ( )RZx p ∈  for all .Rx ∈  But ( ),RZxx p ∈±  and so 

( ).RZx ∈    

Theorem 4.3. ( )5ZP  rings are commutative. 

Proof. Let ( ) .: 5xxxf −=  Then ( ) ( ) ( ).30232 RZxxfxf ∈=−  Since 

( ) Rxxx ,2715 −=  is a sum of the subrings 15R and 2R. Moreover, 

( ) ( ) ( ) ( ) ,0152215 == xyyx  so it suffices to show that each of these 

subrings is commutative. The ring RS 15:=  satisfies ( ),2 SZS ⊂  so it is 

commutative by Lemma 4.1. 

Let .2: RS =  Then ( ),15 SZS ⊂  and Corollary 3.8 implies that 

( ) ( )xxf C∈  and that ( ) ( ) ( ).424323 SZxxxxxxxx ∈+−+++=+  

But the centrality of 3xx +  implies that S is commutative.   

Theorem 4.4. ( )5AZP  rings are commutative. 

Proof. Let ( ) .: 5xxxf +=  Again ( ) ( ) ( )RZxxfxf ∈=− 30232  and, 

arguing as in Theorem 4.3, we see that it suffices to prove that each of the 
subrings 15R, 6R, and 10R are commutative. Now RS 15:=  satisfies 

( ),2 SZS ⊂  so it is commutative by Lemma 4.1, and RS 6=  is 

commutative by Lemma 4.2. 

Finally, suppose ,10RS =  and so ( )SZx ∈3  for all .Sx ∈  Now 

( )( ) ( ) ( )SZxxfxf ∈=− 622 2  for all ,Sx ∈  so ( ) ( ).322 666 SZxxx ∈−=  

Thus, 

( ) ( ),1564246 RZzxxxxx ∈+=+−+  

for some ( ),3 SZSz ⊂∈  and so ( ) ( )SZxxxf ∈=− 3153  for all .Sx ∈  

Next, 

( ) ( ),, 98762 SZzxxxxxxDf ∈+−±+=± ∓  
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for some ( ).RZz ∈  Now 6x  and 9x  are central, so ( ).87 SZxx ∈±  

Taking a difference of these last expressions, we deduce that ( )RZx ∈8  

for all .Sx ∈  Thus ( ) ( ) ( )SZxxx ∈= 332825  and so ( ) ( ) +−= 5xfxfx  

( )SZx ∈25  for all .Sx ∈    

Theorem 4.5. ( )7ZP  rings are commutative. 

Proof. Let ( ) .: 7xxxf −=  By considering ( ) ( )kxfxfk −7  for ,3,2=k  
we see that ( )RZR ⊂126  and ( ),2184 RZR ⊂  and so ⊂R42  ( ),RZ  
since ( ).2184,126gcd42 =  Thus, it suffices to prove the result for the 
three subrings 14R, 6R, and 21R. 

Suppose first that ,6RS =  so ( ).7 SZS ⊂  Then commutativity 
follows by Lemma 4.2. Alternatively, Corollary 3.8 implies that 

( ),63
2

1

2
3

1

6

1

5 SZxxxxxx i

i

i

i

i

i
∈+













−













−













=+ ∑∑∑

===

 

and so S is commutative by Theorem 4.4. 

Suppose next that ,14RS =  and so ( ).3 SZS ⊂  By Corollary 3.8, we 

see that ( ),6 SZx ∈  and ( ) ( )SZxxxx ∈−+= 6633  for all .Sx ∈     

Also ( )( ) ( ) ( ),2 822 SZxxfxf ∈=−  so ( ( ) ) ( ).322 88 SZxx ∈−=  Thus     

( )28x ( ) ( ),49113 SZxx ∈=  and so ( ) ( ) ( )SZxxfxfx ∈++= 497  for all 
.Sx ∈  

Finally, suppose ,21RS =  and so ( ).2 SZS ⊂  Considering ( )7, +jj
f xxD  

for ,N∈j  and using the ( )7ZP  condition for powers of ,7x  we see that 

( ) ( ).: 6
1 SZxxs ij

jij ∈= ∑ +
+=

 Thus ( ) ( ) ( ) 71
1: ++
+ −=−= jj

jjj xxxsxsxt  

( )RZ∈  for all .N∈j  

In particular, both ( )xfz =:  and ( )xtxz 1=  are central. By Corollary 

3.7, 6: xe =  and 642: xxxd ++=  both lie in ( ).SZ  Next, 
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( ) ( ) ( ) ( ),: 1
53 SZdxsxfxxxxh ∈−+=++=  

and ( ) zxxxxxxDh ++++= 96542,  for some ( ).2 SZSz ⊂∈  Since 

also ( )SZx ∈6  and ( ) ( ),93
2 SZxxxt ∈+=  it follows that 543 xxx ++  

( ).SZ∈  Subtracting this quantity from ( ),xh  we see that ( ).4 SZxx ∈−  

But now ( ) ( )SZxx ∈− 433  and ( ) ( ),2612 SZxx ∈=  so ( ).3 SZx ∈  

Thus ( ) ( ),53 SZxxxxh ∈+=−  and so R is commutative by Theorem 4.4 

(or indeed by Theorem 4.3, since ( )SZS ∈2 ).   

Theorem 4.6. ( )7AZP  rings are commutative. 

Proof. Let ( ) .: 7xxxf +=  As in the proof of Theorem 4.5, it suffices 

to prove the result for the three subrings 14R, 6R, and 21R. For 

,21: RS =  we have ( ),2 SZS ⊂  so ( )SZxx ∈− 7  and commutativity 

follows by Theorem 4.5. If ,6RS =  then ( )SZS ⊂7  and commutativity 

follows by Lemma 4.2. 

Finally, suppose that ,14RS =  and so ( ).3 SZS ⊂  Now ( )( ) −2xf  

( ) ( ),2 82 SZxxf ∈=  so ( )( ) ( ).322 88 SZxx ∈−=  Deleting an element of 

3S and multiples of kx8  from ( ) ( ),,2,2 4242 xxDxxD ff −−  we see that 

( ),20 RZx ∈  and so ( ) ( ).82044 RZxxxfx ∈⋅−=  Now deleting an 

element of 3S and multiples of kx4  from ( ) ( ),,2,2 2121 xxDxxD ff −−  

we similarly see that ( ),10 RZx ∈  and hence that ( ) ( ).: 2 RZxxh ∈=  

Thus ( ) ( ),3,2 332 RZxxxxDh ∈=−  and so ( ) ( ) ( ).322 RZxxxfx ∈−=   

 

Theorem 4.7. ( )9ZP  rings are commutative. 
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Proof. Suppose R is a ( )9ZP  ring, so ( ) ( ).: 9 RZxxxf ∈−=  By 

considering ( ) ( )kxfxfk −9  for ,3,2=k  we see that ( )RZR ⊂510  and 

( ),19680 RZR ⊂  and so ( ),30 RZR ⊂  since ( ).19680,510gcd30 =  As 

usual, it suffices to prove the result under each of the additional 
assumptions ( ) ( ),3,2 RZRRZR ⊂⊂  and ( ) ( ).5 RZR ⊂  In the case 

( ),2 RZR ⊂  R is commutative by Lemma 4.1. 

In the other cases, we have ( )RZmR ⊂  for some odd m, so we 

conclude by Corollary 3.8 that ( ) ,:,, 6248 Xxxgxx +=  and 53 xxx ++  

7x+  are all central. 

Suppose ( ).3 RZR ⊂  For all ,Z∈t  

( ) ( )2,:, txxDtxh g=  

 ( ).615201562 115104938273 RZxtxtxtxttxtx ∈+++++=  

Thus 93 xx +  is central because it differs from ( )1, −xh  by an element of 

3R, and so ( ) ( ) ( ),933 RZxxxfxx ∈++=+  which implies R is 

commutative. 

Suppose instead that ( ).5 RZR ⊂  Now ( ) ( ) ( ),42442 RZtxxtxx ∈−−+   

so ( ) ( ).464:, 73625 RZxtxttxtxu ∈++=  Now ( ) ( ) ( )txutxutxv −−= ,,:,  

( ).88 735 RZxttx ∈+=  Since ( ) ( ) ,482,1,8 5xxvxv =−  we see that 5x  is 

central, and so ( ) ( ) ( ) ( ).459 RZxxxfxfx ∈−+=    

5. Commutativity of ( )nZP  Rings for  

Certain Even n 

In this section, we prove commutativity of ( )nZP  rings for some even 

values of n. Although the proofs for 9,7,5=n  in the last section 
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contained some common ideas and methods, they were essentially ad hoc 
in nature. By contrast, the results below for even n each handle an 
infinite family of even numbers, and all associated proofs employ 
variations of a common method. The values of n that we can handle are 
all sums or differences of two powers of 2, and Lemma 2.2 is a key 
simplification at the beginning of these proofs. 

Our methods do not apply to powers of 2 larger than 2. Indeed, these 
numbers seem to be especially hard to treat by elementary means. 

We do not consider ( )nAZP  for even n since Lemma 2.2 tells us that 

it is equivalent to ( )nZP  in this case. 

Since 6 is of the form ,22 mn +  the commutativity of ( )6ZP  rings 

follows as a special case of Theorem 5.2 below. However, we first present 
two proofs of this special case. The first is an ad hoc proof reminiscent of 
some of the earlier proofs for odd n, while the second is really a special 
case of the proof of Theorem 5.2 below. 

Theorem 5.1. ( )6ZP  rings are commutative. 

Proof 1 of Theorem 5.1. Assume that ( ) ( )RZxxxf ∈−= 6:  for all 

x in a ring R. Now ( )RZx ∈2  for all Rx ∈  and, since ( ) ( ),, 2 RZxxDf ∈  

we see that ( ),108 RZxx ∈+  and so ( ).3024 RZxx ∈+  Adding 

( ) ( ) ( )RZxfxf ∈+ 54  to this last expression, we see that ( ) 54: xxxg +=  

( ).RZ∈  Now ( ) ( ) ( )RZxfxxDg ∈+2,  implies that ( ) ( ),: 9 RZxxxh ∈+=  

so ( ) ( ) ( ) ( ).: 3232 RZxxxfxhxu ∈+=+=  Thus ( ) ( ) ( )xfxuxv += 2:  

( ).4 RZxx ∈+=  Also, 

( ) ( ) ( ) ( ) ( ) ( ),63254 RZxxxxxxxfxuxg ∈−+++=+  

so ( ).8 RZxx ∈+  However ( ) ( ),822 RZxxxv ∈+=  and so ( ),2 RZxx ∈−  

which implies commutativity.   
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Proof 2 of Theorem 5.1. Assume that ( ) ( )RZxxxf ∈−= 6:  for all 

x in a ring R. Since 

( ) ( ) ( ) ( ),, 213 RZxfxfxxD iiii
f ∈++ +++  

and ( ),2 RZx ∈  we deduce that ( ) ( )RZxxxg ii
i ∈−= ++ 12:  for all .N∈i  

Thus ( ) ( ) ( ),4
1

2 RZxgxfxx ii ∈+=− ∑ =
 which implies that R is 

commutative.   

We now prove two results for even numbers of the form .22 mn +  

Theorem 5.2. If R is a ( )mnZP 22 +  ring, where 0>m  and 

{ },2,1∈− mn  then R is commutative. 

Proof. First, we note that ( ).2 RZR ⊂  Let ,2:,2: mn MN ==  

,:,: MNrMNK =+=  and ( ) ,: Kxxxf +=  so that ( ).: RZRf →  We 

claim that 

( ) ( ),:, RZxxs ∈−=βα βα  whenever { }1\, N∈βα  and ( ) ( ).1 α−β−r  

The assumption 2≤− mn  is not required for this claim. 

According to Lemma 2.3, the binomial coefficient ≤≤











 +
j

j

MN
1,  

,1−K  is odd only when Mj =  and .Nj =  It follows that for all .N∈i  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),111 RZzxxxfxfxxf MNriMNiriirii ∈++=+++ ++++++++  

for some ( ).RZz ∈  Adding ( ) ( )rii xfxf ++ +1  to this last expression, we 

see that 

( ) ( ) .,:, 1 N∈∈−= ++ iRZxxixe rii  

Since 
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( )( ) ( ),1, 111
1

0

−+++
−

=

−=−+∑ rtii
t

k
xxkrixe  

the claim follows. 

If ,1+= mn  then 11 =−r  and 

( ) ( ) ( )( ) ( ),2,22 RZMNMNsxfxfxx ∈++−−=−  

which implies that R is commutative. 

Suppose instead that ,2+= mn  and so MNr +=− .31  is 

equivalent to either 1 or 2 mod 3. In the first case, by taking 7=α  and 

,MN +=β  we see that ( ),7 RZxx ∈−  and so R is commutative by 

Theorem 4.5. In the second case, by taking 2=α  and ,MN +=β  we 

see that ( ),2 RZxx ∈−  and so R is again commutative.   

By the above proof, we see that if R is a ( )mnZP 22 +  ring for any 

,0>> mn  then R is also a ( )kZP  ring if ( ) ( ) .2and221 ≥−+− kkr mn  

This enabled us to give an elementary proof of commutativity above 
whenever ,20 ≤−< mn  but it also gives an elementary proof of 

commutativity in certain other cases. 

Theorem 5.3. Suppose R is a ( )mnZP 22 +  ring, where ,0>> mn  

and 1+n  is coprime with .: mnd −=  Then R is commutative. 

Proof. Let ,22:,12: mnd Kk +=−=  and ( )
ba

xxbaxD 22:,, −=  

for .,0 Z∈≤ ba  By the proof of Theorem 5.2, ( )RZxx ∈− βα  whenever 

{ },1\, N∈βα  and ( ).| β−αk  By factorization, we see that if 

( ) ,,,| N∈− babad  then ( ),22| bak −  and so ( ) ( ).,, RZbaxD ∈  

Since ( )122 += − ddnK  and ( ),mod212 kd ≡+  we see that ≡K  

( )kn mod2 1+  and so R is a ( )12 +nZP  ring. Since 
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( ) ( ) ( ) ( ),1,1,1,0,1,0, RZjdnnxDnxDjdnxD ∈−++++=−+  

for all Z∈j  such that ,01 >−+ jdn  we see that R is also a 

( )jdnZP −+12  ring for all such j. 

Since 1+n  is not divisible by d, we may choose j so that 
jdna −+= 1:  satisfies .1 da <≤  Note that a and d are coprime, so we 

can choose N∈cb,  such that .1=− cdba  The ( )aZP 2  condition tells 

us that ( )( ) ( )RZiaaixD ∈− ,1,  for each .0 bi <≤  Summing these 

expressions, we see that ( ) ( ) ( ),1,0,,0, RZcdxDbaxD ∈+=  and so 

( ) ( ) ( ),1,1,1,0,2 RZcdxDcdxDxx ∈+++=−  

which implies that R is commutative.   

Note that the above corollary says that, if d is prime and 1+n  is not 
a multiple of d, then R is commutative. It also tells us that if mn −  is a 
divisor of n, then again R is commutative. 

We now consider numbers of the form .22 mn −  

Theorem 5.4. If R is a ( )mnZP 22 −  ring, where 0>m  and mn −  

{ },3,2∈  then R is commutative. 

Proof. Much of the proof is similar to that of Theorem 5.2, so we 

concentrate on the differences. Let ,:,2:,2: MNKMN mn −===  

,: MNr =  and ( ) ,: Kxxxf +=  so that ( ),: RZRf →  and again  

( ).2 RZR ⊂  We claim that ( ) ( )RZxxs ∈−=βα βα:,  whenever 

{ }1\, N∈βα  and ( ) ( ).|2 α−β−r  

According to Lemma 2.3, the binomial coefficient ≤≤











 −
j

j

MN
1,  

,1−K  is odd precisely when j is a multiple of M. It follows that 
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( ) ( ) ( ) ( ) ( ) ( ) ( ),:,
2

1

11 RZzxxxfxfxxfixS MNk
r

k

MNiriirii ∈+=+++= −
−

=

−−+−+ ∑  

for some .Rz ∈  Considering ( ) ( ),1,, +− ixSixS  we see that 

( ) ( ) ( ) ( ) ( ) .,11 N∈∈− −−+−+ iRZxx MNriMNi  

The claim now follows in a similar fashion to the claim in the proof of 
Theorem 5.2. 

If ,2+= mn  then ( ),2|22 −−=− MNr  so as in Theorem 5.2, we 

see that ( ),2 RZxx ∈−  and so R is commutative. 

Suppose instead that ,3+= mn  and so .62 =−r  Now MN −  is 

equivalent to either 2 or 4 mod 6, depending on the parity of N. By taking 
,MN −=β  and α  to be 2 or 10, we see that R is also a ( )αZP  ring. 

Thus R is commutative (using Theorem 5.2 for 10=α ).   

As for ( ),22 mnZP +  the claim in the above proof can be used to 

prove that ( )mnZP 22 −  rings are commutative for certain other 

numbers ,, mn  as evidenced by the following result: 

Theorem 5.5. Suppose R is a ( )mnZP 22 −  ring, where ,01 >>− mn  

and 1−n  is coprime with m. Then R is commutative. 

Proof. Let ,22:,12:,1: mnd Kkmnd −=−=−−=  and ( )baxD ,,  
ba

xx 22: −=  for .,0 Z∈≤ ba  By the proof of Theorem 5.4, ( )RZxx ∈− βα  

whenever { }1\, N∈βα  and ( ) ( ).|2 β−αk  By factorization, we see that 

if ( ) ,,,| N∈− babad  then ( ),22|2 bak −  and so ( ) ( ).,, RZbaxD ∈  

Since ( )222 22 −= +−− ddnK  and ( ),2mod222 2 kd ≡−+  we see that 

( )kK n 2mod2 1−≡  and so R is a ( )12 −nZP  ring. As in the proof of 

Theorem 5.3, it follows that R is a ( )aZP 2  ring, where jdna −−= 1:  
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satisfies .1 da <≤  Now 1−n  and d are coprime, and so a and d are 
coprime. Choosing N∈cb,  such that ,1=− cdba  we deduce as in the 

proof of Theorem 5.3 that 

( ) ( ) ( ),1,1,,0,2 RZcdxDbaxDxx ∈++=−  

which implies that R is commutative.   

Note that Theorem 1.2 follows immediately from the combination of 
Theorems 2.1, 4.4, and 4.6. We now prove Theorem 1.1. 

Proof of Theorem 1.1. The commutativity of ( )nZP  rings for 

3,2=n  is given by Theorem 2.1, and for 9,7,5=n  by Theorems 4.3, 

4.5, and 4.7, respectively. Each of Theorems 5.2, 5.3, 5.4, and 5.5 provide 
us with infinite families of even numbers n for which ( )nZP  rings are 

necessarily commutative. Finally, with regards to the specific values of 
even 30≤n  that are listed, commutativity follows when { ,12,10,6∈n  

}24,20  by Theorem 5.2, when 18=n  by Theorem 5.3, when 

{ }28,14∈n  by Theorem 5.4, and when 30=n  by Theorem 5.5.   

As mentioned in the Introduction, it seems especially difficult to 
prove commutativity by elementary means of ( )nZP  rings when 2>n  is 

a power of 2. We would be very interested in any such proof, even just for 
.4=n  
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